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Abstract
Several partial results have been obtained in order to prove that the
components of the Fatou set of the family fλ(z) = λsin(z) are bounded
for |λ| ≥ 1. In particular, Domínguez and Sienra have given a proof for
values of λ on the unit circle of parabolic type; Gaofei Zhang has proved
that, in the case λ = e2piiθ with θ an irrational number of bounded type,
fλ(z) = λsin(z) has an invariant bounded Siegel disk and all the others
components (bounded) are its preimages. Furthermore, Domínguez and
Fagella have proved the boundedness of all the Fatou components for the
sine family in the case |Re (λ)| > pi2 based in the construction of a dynamic
hair via exponential tracts. Finally, for hyperbolic functions in a more gen-
eral setting, the boundedness has been proved by Bergweiler, Fagella and
Rempe–Gillen [4].
In this paper, we give new proofs related to the unboundedness and
complete invariance of the Fatou component that contains 0 when 0 <
|λ| < 1 and also of the boundedness of all the Fatou components when
λ= e2pii
p
q , where p, q ∈Z, q 6= 0.
In our first main theorem, we prove that the components of the Fatou
set are bounded in the case |λ| > 1 with the additional hypothesis that the
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post–singular set of fλ is bounded using the existence of hairs guaranteed
by the work of Benini and Rempe–Gillen.
Finally, in the last section, we extend the last result (|λ| > 1 and post–
critical set bounded) to the case of the extended sine family fλ,a =λsin(z)+
a. We prove that if does not exist a Fatou domain that contains all the crit-
ical points then all the components of the Fatou set of fλ,a are bounded.
Also, we prove that, if there exists an unbounded Fatou domain forward
invariant, then fλ,a must be of disjoint type.
1 Introduction
We consider the iteration of transcendental entire functions in the family fλ(z)=
λsin(z) , λ ∈ C∗ = C \ {0}. This family is contained in the Eremenko–Lyubich
class B, class that consists of those transcendental entire functions for which
the set of singularities, S( f ) (critical values together with asymptotic values), is
bounded. In fact, in the sine family, the set of singularities is finite, so this family
is contained in the Speiser class, S.
The sequence of iterates produces the well known dichotomy between the
Fatou set of f , denoted by F ( f ), defined as the set of those points z ∈ C such
that the sequence
(
f n
)
n∈N forms a normal family in some neighbourhood U of
z, and its complement, the Julia set of f , denoted by J ( f ). Good introductions
into the subject are Beardon [2], Milnor [12] and Hua [10]. An excellent and very
insightful survey about the Eremenko–Lyubich class is Sixsmith [15].
Well known properties of this sets that occur in very general settings and in
particular for transcendental entire functions in the classB are the following:
1. F ( f ) is open and J ( f ) is closed, J ( f ) 6=∅.
2. Both sets are completely invariant.
3. For every positive integer k,F ( f k )= F ( f ) and J ( f k )= J ( f ).
4. J ( f ) is perfect.
5. If J ( f ) has nonempty interior, then F ( f )=∅.
6. J ( f ) is the closure of the set of repelling periodic points of f .
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Since wandering domains are impossible for f ∈ S, the only possible pe-
riodic Fatou components that can appear in the sine family are attracting do-
mains, parabolic domains and Siegel disks. [9]
Eremenko and Lyubich in [9] showed that, if f ∈ B, then the escaping set,
I ( f ), is contained in the Julia set of f , where
I ( f )= {z ∈C| f n(z)→∞}.
The following properties of the set I ( f ) were proved by Eremenko [8] for a
transcendental entire function f .
1. I ( f ) 6=∅.
2. J ( f )= ∂I ( f ).
3. I ( f )∩ J ( f ) 6=∅.
4. I ( f ) has no bounded components.
In that paper, Eremenko made the conjecture that, for an arbitrary transcen-
dental entire function, ”It is plausible that the set I ( f ) always has the following
property: every point z ∈ I ( f ) can be joined with∞ by a curve in I ( f ) ”.
However, even in the small classB, Rottenfusser, Rückert, Rempe and Schle-
icher [14] have shown that there exists an hyperbolic entire function f such that
every path connected component of J ( f ) is bounded, so Eremenko’s conjecture
is false.
Despite of this result in the negative, they have proven that Eremenko’s con-
jecture is true if f is a finite composition of functions in the classB of finite order
of growth, i.e., f = g1 ◦ · · · ◦ gn such that for all i ∈ {1, . . . ,n}, gi ∈B and
loglog |gi (z)| =O(log |z|) as |z|→∞.
The above results are very important for us because, although by other meth-
ods (developed by Devaney and Tangerman [5]), the existence of these curves
dynamically defined and contained in J ( f ) has been used by Domínguez and
Fagella [6] in order to show that the Fatou components of fλ(z) = λsin(z) are
bounded in the case |Re (λ)| > pi2 . In fact, the proofs of our results in the parabolic
and repelling cases are based in the arguments given in [6] and in Rempe [13].
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Definition 1. An invariant hair of a transcendental entire function f is a con-
tinuous and injective maximal curve γ :R+→ I ( f ) such that f (γ(t ))= γ(t+1) for
all t and limt→∞ | f (t )| = ∞. A periodic hair is a curve that is an invariant hair
for some iterate f n of f . If the limit limt→0γ(t )= z0 exists, we say that the curve γ
lands at z0.
We recall that the post–singular set of f is the set defined as
P ( f )= ⋃
c∈S( f )
{ f n(c)|n ≥ 0}
Benini and Rempe–Gillen [3] have proven that if f ∈B and f has finite or-
der of growth (in fact, they state and prove their theorem in a more general set-
ting) and P ( f ) is bounded, then every periodic hair of f lands at a repelling
or parabolic point and conversely, every repelling or parabolic point of f is the
landing point of at least one and at most finitely many periodic hairs.
In this paper we give a new proof for each of the following theorems which
were proved by Domínguez and Sienra in [7]
Theorem (Attracting Case). For the map fλ(z) = λsin(z) where 0 < |λ| < 1 the
Fatou set of fλ consists of a simply connected, completely invariant component
U .
Theorem (Parabolic Case). Let fλ(z) = λsi n(z) with λ = e2pii
p
q , p, q ∈ Z, q 6= 0
and (p, q)= 1 then all the components of F ( fλ) are bounded.
Finally, using the result of Benini and Rempe–Gillen mentioned above, we
can prove that the components of the Fatou set of fλ are bounded for some val-
ues of λ with |λ| > 1 as follows.
Theorem (Repelling Case). If |λ| > 1 andP ( fλ) is bounded, then all the compo-
nents of F ( fλ) are bounded.
Definition 2. A map f is of disjoint type if f is hyperbolic with connected Fatou
set.
In the last Section, we use the same ideas on a more general family, the ex-
tended sine family fλ,a(z)=λsin(z)+a. We prove the following two theorems:
Theorem (Repelling Case in Extended Family). Let fλ,a(z) = λsin(z)+ a with
|λ| > 1 a post–singularly bounded function, then all the components of the Fatou
set of fλ,a are bounded if and only if for each of them exists a critical point that is
not in the component.
4
Theorem (Disjoint Type). Suppose that U is an unbounded component of the
Fatou set of fλ,a , where |λ| > 1 andP ( fλ,a) is bounded. If U is forward invariant
then fλ,a is of disjoint type.
Acknowledgments
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2 Attracting Case
Consider the map fλ(z) = λsin(z), we remark that λsin(−z) = −λsin(z), it im-
plies that the orbits of −z and z are symmetrical and thus the sets F ( fλ) and
J ( fλ) have central symmetry with respect to the origin.
The Julia and Fatou sets of fλ have another important central symmetry
around pi2 . That is immediate using the identities
sin
(pi
2
− z
)
= cos(z)= sin
(pi
2
+ z
)
So, if z1 = pi2 +w and z2 = pi2 −w then fλ(z1)= fλ(z2), consequently z1 ∈ F ( fλ)
if and only if z2 ∈ F ( fλ), see Figure 1.
Now, we can prove:
Theorem (Attracting Case). For the map fλ(z)= λsin(z) where |λ| < 1 the Fatou
set of fλ consists of a simply connected, completely invariant component U .
Proof. We know that λ and −λ are in the component of the Fatou set W0 that
contains the origin since they are critical values, thus, there exists a simple curve
γ⊂W0, symmetrical with respect to the origin connecting λ, 0 and −λ in this
order. Let Γ= f −1
λ
(γ), then Γ has the same central symmetry that γ, contains all
the singular points, is unbounded and is contained in W0. Furthermore, we can
suppose that Γ is a simple curve.
Now, consider all the inverse images of Γ under fλ and denote by Γk that one
than contains the pointpik. Clearly, all these curves are contained in W0. Denote
5
Figure 1: Note the rotational symmetry around each of the marked points 0 and
pi
2 . This is the dynamical plane in the case λ= 0.7229+0.6981i
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Figure 2: The curves Γ, Γk and Γ
+
k
as Γ+k the part of the curve Γk that is above of Γ, see Figure 2.
Suppose that W0 is not completely invariant, then exists a Fatou component
W 6=W0 such that fλ(W ) =W0. We can suppose w.l.o.g. that W is contained in
the region between Γ+k0 , Γ
+
k0+2 and Γ for some k0 ∈ Z. By the periodicity of fλ
there exists a Fatou component W1, W1 6=W0 (W1 is a translate of W ) such that
fλ(W1) =W0 and W1 is contained in the region A determined by Γ+0 , Γ+2 and Γ,
see Figure 3
If we consider fλ restricted to the region A, fλ is 1− 1 and onto its image
B = fλ(A)=C\
(
γ∪Γ∗), where Γ∗ = fλ(Γ+0 )= fλ(Γ+2 ).
Now, let δ > 0 such that fλ(Bδ(0)) ⊆ Bδ(0) ⊆W0 (δ exists because 0 is an at-
tractive fixed point) and let z0 ∈Bδ(0)∩A, then it follows that z1 = fλ(z0) ∈B∩W0,
but, because fλ(W1)=W0, exists z2 ∈W1 ⊆ A such that fλ(z2)= z1 contradicting
the fact that fλ is 1−1 on A. So W0 is completely invariant.
Furthermore, because W0 is unbounded, it is simply connected by Theorem
1 in Baker [1].
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Figure 3: W1 ⊂ A
3 Parabolic Case
For the parabolic case we need some previous results.
Definition 3. Let f be an entire function. f is criniferous if for every z ∈ I ( f ) and
for all sufficiently large n there is an arc γn connecting f n(z) to ∞, in such a way
that γn+1 = f (γn) and minz∈γn |z|→∞.
It has been shown in [14] that if f ∈B and is a finite composition of functions
of finite order of growth, then f is criniferous.
In our case, we have that sin(z) has finite order of growth since
|sin(z)| ≤ |cosh |y || = e
|y |+e−|y |
2
≤ e
|y |+e |y |
2
= e |y | ≤ e |z|
and, because all the polynomials have finite order of growth, fλ is criniferous
for all λ ∈C∗.
We will use the following theorem due to Benini and Rempe–Gillen [3] in or-
der to get periodic hairs in the parabolic and repelling cases (with post–singular
set bounded).
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Theorem (Benini, Rempe–Gillen). Let f be a transcendental entire function such
thatP ( f ) is bounded. Then every periodic ray of f lands at a repelling or parabolic
periodic point. If, in addition, f is criniferous, then conversely every repelling
or parabolic periodic point of f is the landing point of at least one and at most
finitely many periodic hairs.
Previous work behind this important theorem was made, for the first part
of the Theorem and with this generality, by Rempe [13]. The last part of this
Theorem was proved by Mihaljevic´–Brandt [11] under the assumption that f is
geometrically finite.
Lemma 1. If γ is a periodic hair of fλ landing at 0, then exists t0 ∈ R+ such that
either γ(t ) is contained in the upper half–plane for all t > t0 or γ(t ) is contained
in the lower half–plane for all t > t0.
Proof. Suppose that the conclusion is false, then exists a sequence (tn)n∈N, tn >
t0 such that γ(tn) is on the real axis and tn →∞ when n →∞. So, for all n ∈N,
fλ(γ(tn)) is contained in the segment joining−λ and λ. This contradicts the fact
that fλ ◦γ is a periodic hair that converges uniformly to∞.
Lemma 2. If γ is a periodic hair of fλ that lands at 0, then γ is horizontally
bounded.
Proof. Suppose that γ is a periodic hair horizontally unbounded and consider
the connected components Rk of the inverse image of the real axis under fλ
where Rk is the component that contains the point kpi, k ∈ Z (in the case λ ∈
R, Rk will be the line Re(z)= pi2 +kpi). In the following we denote fλ ◦γ as Γ.
Since Γ converges uniformly to ∞ and γ is horizontally unbounded, exists
t0 ∈R+ that satisfies the following properties:
1. |Γ(t )| > 2pi ∀t ≥ t0;
2. γ(t0) ∈Rk0 for some k0 ∈Z+ (w.l.o.g.);
3. γ(t ) ∈ H ∀t ≥ t0 (w.l.o.g., by Lemma 1), where H is the upper half–
plane.
By Property 2, Γ(t0) ∈R. Furthermore, because γ is horizontally unbounded, ex-
ists t1 > t0 such that γ(t1) ∈ Rk0+1; so, we can get t ′0 and t ′1 with t0 ≤ t ′0 < t ′1 ≤ t1
and satisfying γ(t ′0) ∈ Rk0 γ(t ′1) ∈ Rk0+1 and γ(t ) ∈ Bk0 ∩H for all t , t ′0 < t < t ′1.
Here, Bk0 is the open strip determined by Rk0 and Rk0+1.
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Figure 4: Γ1 must intersect its translate Γ2.
By Property 1, we can suppose w.l.o.g. that Γ(t ′0)> 2pi, so Γ(t ′1)<−2pi. Finally,
consider the open set G bounded by Γ1(t )= Γ(t ), t ′0 ≤ t ≤ t ′1 and the real axis.
Since fλ is periodic, Γ2 = Γ1+ 2pi is a pre–periodic hair. Now, we have that
there exist points of Γ2 inside and outside of G , so Γ1 ∩Γ2 6= ∅. If w ∈ Γ1 ∩Γ2
then w and w −2pi are both in Γ contradicting its injectivity as a periodic hair,
see Figure 4.
Hence, γ must be horizontally bounded.
Now we can prove
Theorem (Parabolic Case). Let fλ(z) = λsin(z) with λ = e2pii
p
q , p, q ∈ Z, q 6= 0
and (p, q)= 1 then all the components of F ( fλ) are bounded.
Proof. Since f n
λ
(λ) → 0 then the post–critical set of fλ is bounded and consid-
ering that this function is criniferous and the origin is a parabolic point, there
exists, by the result of Benini and Rempe–Gillen, a periodic hair γ landing at
zero. So, γ∪ {0}∪ (−γ) together with all their translations by entire multiples of
2pi divide the complex plane into infinitely many strips Bk , k ∈ Z, where each
of the Bk ’s is horizontally bounded by Lemma 2.
Let G0 be a periodic component of the Fatou set associated to the parabolic
point 0 such that G0 is unbounded. Because G0 ⊂ B0∪B−1 (the only strips Bi
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such that γ ⊂ ∂Bi ), then G0 must be vertically unbounded. Furthermore, the
same can be said for all the parabolic periodic cycle and thus, all of them are
contained in the set
B = {z ∈C|−N <Re(z)<N },
for some N ∈N and we can suppose that N > 3.
Let z0 = x0+ i y0 ∈G0 such that |y0| is large enough to satisfy sinh(|y0|)> c1N
for some constant c1 > 10, for example.
Thus | f (z0)| = |sin(z0)| > sinh |y0| > c1N , it implies that f (z0) is in the exte-
rior of the circle with center at the origin and radius c1N , but inside B . It implies
that the absolute value of the imaginary part of z1 = f (z0) = x1 + i y1 must be
greater than
√
(c1N )2−N 2, i.e.
|y1| >
√
c21 −1 ·N .
Now, we can estimate the modulus of z2 = f (z1)= x2+ i y2 as follows
| f (z1)| = |sin(z1)| > sinh |y1| > sinh(
√
c21 −1 ·N )
= sinh
2
√
c21 −1
2
N

= 2sinh

√
c21 −1
2
N
cosh

√
c21 −1
2
N
 .
Therefore, z2 is in the exterior of the circle with center at the origin and ra-
dius
R = 2sinh

√
c21 −1
2
N
cosh

√
c21 −1
2
N
 ,
but inside B .
Thus, we can estimate the absolute value of the imaginary part of z2 in the
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following way:
|y2| >
√√√√√√22 sinh2

√
c21 −1
2
N
cosh2

√
c21 −1
2
N
−N 2
>
√√√√√√22N 2 cosh2

√
c21 −1
2
N
−N 2 (sinh(x)> x)
=

√√√√√√22 cosh2

√
c21 −1
2
N
−1
 ·N .
Observe that the last expression is again of the form
√
c22 −1 ·N . Putting α =√
c21 −1 ·N we can compare c1 with c2, this is,
c2 = 2cosh
(α
2
)
> 2
(
e
α
2
2
)
> 1+ α
2
+ α
2
8
> 1+ α
2
8
= 1+ (c
2
1 −1)N 2
8
> c21 (N > 3).
Therefore, c2 > c21 and so |y2| >
√
c41 −1 ·N . The process can be continued in-
definitely in such a way that if zn = f nλ (z0) = xn + i yn , then |yn | >
√
c2
n
1 −1 ·N ,
so |zn | →∞ when n →∞. This implies that z0 ∈ I ( fλ) ⊆ J ( fλ) contradicting the
choice of z0 in a Fatou component of fλ. So, all the periodic components of Fa-
tou in this case are bounded and, because there is no asymptotic values for this
family of functions and all the components are horizontally bounded then all of
them are bounded.
4 Repelling Case
We will use the same arguments developed in Section 4 to prove
Theorem (Repelling Case). If |λ| > 1 andP ( fλ) is bounded, then all the compo-
nents of F ( fλ) are bounded.
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Proof. The post–singular set of fλ is bounded by hypothesis, thus the result of
Benini and Rempe–Gillen guarantees that 0 is the landing point of at least one
periodic hair γ which is horizontally bounded by Lemma 2. So, γ∪ {0}∪ (−γ)
together with all its 2piZ–translates divide the complex plane into strips Bk . If
a periodic component U of the Fatou set of fλ is unbounded, it must be com-
pletely contained in some of these strips and thus U is horizontally bounded
too. Therefore, the complete periodic cycle, being a finite union of horizontally
bounded sets must be contained in the set
{z ∈C|−N <Re(z)<N } for some N ∈N.
Using the same arguments that in the parabolic case and the fact that, in this
case, |λsin(z)| > |sin(z)| we have that all the components of any periodic cycle
must be bounded. Finally, fλ does not have asymptotic values and the compo-
nents are horizontally bounded, hence the strictly pre–periodic components are
bounded too.
5 The Extended Sine Family
In this section we will use the methods used in the proofs of the cases parabolic
and repelling for the sine family in order to show that the components of the
Fatou set of the functions in the extended family:
fλ,a(z)=λsin(z)+a, λ ∈C∗, a ∈C
are also bounded in the case |λ| > 1 with P ( fλ,a) bounded, supposing that fλ,a
has not a Fatou component containing all the critical points.
Observe that Lemma 1 remains valid in the case of the extended family be-
cause the image under fλ,a of any parallel line to the real axis is an ellipse: a
bounded set. Thus, a periodic hair (which converges uniformly to infinity) of
fλ,a landing at a periodic point can not intersect without bound any of these
parallel horizontal lines. This implies that γ(t ) is eventually contained in any
upper (w.l.o.g.) half–planeHb = {z ∈C|Im(z)> b > 0}.
Afirmation. The Lemma 2 is also true in the case of the extended sine family,
whereγ is a periodic hair of fλ,a landing at a repelling or parabolic periodic point
z0.
Proof. Let L0 = {z ∈ C|Im(z) = Im( fλ,a(z0))}. We only need to observe that, al-
though the components of the inverse image of L0 do not intersect L0 necessar-
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Figure 5: γ is eventually contained in the half–planeH∗.
ily, γ is eventually contained in an upper half–plane H∗ whose boundary inter-
sect all these components, see Figure 5. Hence exists t0 ∈ R+ that satisfies the
following properties, where Γ= fλ ◦γ:
1. |Γ(t )− fλ,a(z0)| > 2pi ∀t ≥ t0 (Γ converges uniformly to∞);
2. Γ(t0) ∈ L0;
3. γ(t ) ∈H∗ ∀t ≥ t0 (w.l.o.g., by Lemma 1 applied to the extended family).
Hence, there exists t ′0 and t
′
1 with t0 < t ′0 < t ′1 such that {Γ(t ′0),Γ(t ′1)}⊂ L0 (by
Property 2) and for all t ∈ (t ′0, t ′1) we have that Γ(t ) is in the intersection of the
upper (w.l.o.g.) half–plane determined by L0 and the exterior of the disk with
center at fλ,a(z0) and radius 2pi (by Property 1), see Figure 6.
As in the proof of Lemma 2, at least one translate of Γ must intersect Γ and
the contradiction follows in the same way.
Furthermore, although the central symmetry in the origin has been lost, it is
yet true that pi2 + z ∈ F ( fλ,a) if and only if pi2 − z ∈ F ( fλ,a).
The functions in the extended family are also contained in the Speiser class
S and they are of finite order of growth, so they are criniferous and the result of
Benini and Rempe–Gillen can be used in this context.
Lemma 3. Let W1, . . .Wm a cycle of periodic components of the Fatou set of fλ,a
with |λ| ≥ 1 such that∪mi=1Wi is horizontally bounded, then Wi is bounded for all
i ∈ {1, . . . ,m}.
14
Figure 6: Γ and the line L0.
Proof. Suppose that the periodic cycle is contained in the strip B = {z ∈C|−N <
Re(z) < N } for some N ∈ N. Observe that for the usual sine function fλ(z) =
λsin(z) we can take y0 large enough as in the proof of Theorem (Parabolic Case)
in such a way that we know that the imaginary part of f n
λ
(z0)= xn + i yn goes to
infinity when n →∞.
Note that the imaginary part of z1 is greater than sinh |y0| − ² where ² is as
small as we want choosing y0 large enough; we simply use that ² < |a|, see Fig-
ure 7. Additionally, we require y0 satisfying sinh |y0| > 3|a|, cosh |y0| > 4 and
|λ|e−y0 < |a|. Similar inequalities holds for all yn because the sequence (|yn |)n∈N
is strictly increasing. Now we show that for a map in the extended sine family
fλ,a(z)=λsin(z)+a we can choose a point w0 in the vertically unbounded cycle
of Fatou components of fλ,a such that the absolute values of the imaginary parts
of its iterates under fλ,a is greater than the corresponding absolute values of the
sequence yn .
Choose w0 = u0+ i v0 such that |v0| > |y0|+|a| and consider wn = un+ i vn =
f n
λ,a(w0). We are going to prove by induction that |vn | > |yn |+ |a|.
• The case n = 0 is true by the choice of w0.
• Suppose that |vn | > |yn |+ |a|, then
|yn+1| < |zn+1| < |λ|cosh |yn |
15
Figure 7: Meaning of ².
and
|vn+1| > |λ|sinh |vn |−²−|a|
> |λ|sinh(|yn |+ |a|)−²−|a|
> |λ|(sinh |yn |cosh |a|+cosh |yn |sinh |a|)−²−|a|
and thus, if |a| > 1
|vn+1|− |yn+1| > |λ|sinh |yn |cosh |a|+ |λ|cosh |yn |sinh |a|−²−|a|− |λ|cosh |yn |
> |λ|sinh |yn |cosh |a|−²−|a|
> sinh |yn |−²−|a|
> 3|a|− |a|− |a| = |a|.
In the case |a| < 1
|vn+1|− |yn+1| > |λ|sinh |yn |cosh |a|+ |λ|cosh |yn |sinh |a|−²−|a|− |λ|cosh |yn |
> |λ|(sinh |yn |−cosh |yn |)+|λ|cosh |yn |sinh |a|−²−|a|
> −|λ|e−|y0|+|λ|cosh |yn ||a|−²−|a|
> 4|a|−3|a| = |a|. Done.
So, if Wi is an unbounded (vertically) component of the Fatou set of fλ,a , then
wn ∈ ∪mi=1Wi goes to infinity when n →∞. Hence wn ∈ I ( fλ,a)⊆ J ( fλ,a) contra-
dicting that wn ∈ F ( fλ,a).
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Therefore, all the components of the Fatou set in the periodic cycle are bounded.
In the case fλ(z) = λsin(z) we have an evident fixed point at 0 with multi-
plier λ. For the maps fλ,a we have problems to find the exact localization of
the fixed points and their respective multipliers. However, because the map
G(z) = λsin(z)− z is entire without asymptotic singularities we have that the
equation
λsin(z)− z =−a
has an infinity of solutions (fixed points of fλ,a) for all a ∈C.
Furthermore, since f ′
λ,a(z)=λcos(z) and fλ,a(z)−a =λsin(z), we have that
( f ′λ,a(z))
2+ ( fλ,a(z)−a)2 =λ2.
So, if z0 is a fixed point of fλ,a , then
f ′λ,a(z0)=
√
λ2− (z0−a)2. (1)
Definition 4. Let A be a connected subset of C. We say that A has a T+−end
if A ∩ {z ∈ C|Im(z) > M } 6= ∅ for all M ∈ N but there exists M0 ∈ N such that
A∩ {z ∈C|Im(z)<−M0}=∅. A has a T−−end if −A has a T+−end.
Theorem (Repelling Case in Extended Family). Let fλ,a(z) = λsin(z)+ a with
|λ| > 1 a post–singularly bounded function, then all the components of the Fatou
set of fλ,a are bounded if and only if for each of them exists a critical point that is
not in the component.
Proof. If there exists a component that contains all the critical points then, clearly,
this component is unbounded, so the part ”only if” is proved.
On the other hand, using the result of Benini and Rempe, we have that each
periodic repelling and parabolic point of fλ,a is the landing point of a periodic
hair. Suppose that two periodic hairs γ1 and γ2 land in a periodic point z0 of
this type such that γ1 has a T+−end and γ2 has a T−−end. By Lemma 2 (using
z0 as landing point), γ1 and γ2 are horizontally bounded and thus, γ1∪ {z0}∪γ2
together with all its 2piZ–translates divide the plane in such a way that any com-
ponent of the Fatou set of fλ,a must be horizontally bounded. Therefore, by
Lemma 3 all the components of any periodic cycle of fλ,a are bounded and, be-
cause fλ,a has not asymptotic values, all the Fatou components of the map are
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bounded.
The same occurs if there is a point z0 ∈ J ( fλ,a) such that for every neighbour-
hood V of z0 there are z1 and z2 repelling periodic points in V with hairs γ1 and
γ2 landing in them, respectively, and satisfying that γ1 has a T+−end and γ2 has
a T−−end .
The last possibility happens when there exists a Fatou component U of fλ,a
that produces a disconnection between the set of all repelling or parabolic pe-
riodic points such that all their landing hairs have T+− end s and the set of all
repelling or parabolic points all of whose hairs have T−−end s.
We have two cases:
• The real axis is contained in U . In this case U contains all the critical
points of the map contradicting that U must avoid at least one of them.
• There exists a point z0 = x0+0i in the Julia set of fλ,a such that in some
neighbourhood of z0 there are only repelling or parabolic periodic points
whose landing hairs have (w.l.o.g.) T+−end s. We can choose z0 such that
−pi2 < x0 < pi2 due to 2pi periodicity and central symmetry of fλ,a in pi2 .
Again, by central symmetry in pi2 , the point z1 = pi− x0 has a neighbour-
hood where every repelling or parabolic periodic points has all their land-
ing hairs having T−−end s. Hence, by 2pi–periodicity, U must slide above
and below the real axis all the way.
Moreover, U must contain both critical points pi2 and −pi2 , otherwise, we
can assume (w.l.o.g.) that pi2 ∉U and we can consider the symmetrical Fa-
tou domain U∗ of U with respect to pi2 . Now, if U =U∗ then, since pi2 ∉U , U
is infinitely connected, which is impossible. If U 6=U∗ then there exists a
periodic hair Γ between them, but in this case Γwould be horizontally un-
bounded contradicting Lemma 2. Hence {pi2 ,−pi2 } ⊂U and, by periodicity,
all the critical points are in U . Therefore this case is also impossible.
In conclusion, all the components of the map fλ,a must be bounded.
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Theorem (Disjoint Type). Suppose that U is an unbounded component of the
Fatou set of fλ,a , where |λ| > 1 andP ( fλ,a) is bounded. If U is forward invariant
then fλ,a is of disjoint type.
Proof. By the proof of the previous Theorem we know that, since U is unbounded,
it must contain all the critical points of fλ,a . Also, U must contain the critical val-
ues because U is forward invariant. Hence, as U contains all the inverse images
of any critical value, U is completely invariant.
The classification of periodic components of the Fatou set gives three possi-
ble cases:
• U is a Siegel disc. This case is impossible because it is clear that fλ,a is not
univalent in U .
• U is a parabolic domain. In this case the multiplier of the fixed parabolic
point z0 is equal to 1, so, by the equation (1):
1=λ2− (z0−a)2
z0 =
√
λ2−1+a
Because λsin(z0)+ a = z0 =
p
λ2−1+ a, we have that λsin(z0) =
p
λ2−1,
furthermore, f ′
λ,a(z0)= 1 implies that λcos(z0)= 1. So,
i
λ
√
λ2−1+ 1
λ
= i sin(z0)+cos(z0)= e i z0
It means that e i z0 does not depend of a, and thus a = 2pik0 for some k0 ∈Z.
We remark that, in this case, 2pik0 is a repelling fixed point of the map
fλ,2pik0 , which implies that there exists a periodic hair γ landing at 2pik0.
Now, the map fλ,2pik0 has a central symmetry with respect to 2pik0 as the
following calculation shows:
The points 2pik0 + z and 2pik0 − z are symmetrical with respect to 2pik0.
Applying the map to each of them we have
fλ,2pik0 (2pik0+ z)=λsin(2pik0+ z)+2pik0
=λsin(z)+2pik0
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and
fλ,2pik0 (2pik0− z)=λsin(2pik0− z)+2pik0
=λsin(−z)+2pik0
=−λsin(z)+2pik0
Hence, the images under fλ,2pik0 of two 2pik0–central symmetric points are
2pik0–central symmetric points and thus, if γ1 is the curve
γ1 = {2pik0− z ∈C|2pik0+ z ∈ γ}
then γ∪ {2pik0}∪γ1 ⊂ J ( fλ,2pik0 ) divide the plane contradicting that U is
horizontally unbounded.
• U is an attractive domain. Since U is completely invariant, U = F ( fλ,a)
contains all the critical points and critical values of fλ,a (Theorem 6 in [9])
which implies that z0 is the unique attracting fixed point. Therefore, fλ,a
is of disjoint type.
We conjecture that, if fλ,a is post–critically bounded, |λ| > 1 and U is an un-
bounded component of the Fatou set of fλ,a then fλ,a is of disjoint type, this is
U is completely invariant.
Finally, we show that it is possible to find examples of maps fλ,a of disjoint
type with |λ| > 1. Consider the map fλ,a with λ = −1.003 and a = pi2 − 1.003.
This map satisfies that fλ,a([−pi2 , pi2 ])⊂ [−pi2 , pi2 ] and fλ,a(−pi2 )= pi2 , so all the critical
points converge to the same attracting fixed point z0 ≈ 0.28541 and the map is
of disjoint type, see Figure 8.
In this example, the parameters are real numbers, this allows to show easily
that the map is of disjoint type, however, being a structurally stable map, there
are a lot of examples of disjoint type maps fλ,a with |λ| > 1 and complex param-
eters, see Figures 9, 10 and 11.
20
Figure 8: Dynamical plane for the map f−1.003, pi2−1.003.
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Figure 9: Dynamical plane for the map f
1.2e
83
90 pii ,1.4+0.25i .
Figure 10: Dynamical plane for the map f
1.505e
89
90 pii ,2+0.12i .
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Figure 11: Dynamical plane for the map f−1.5,2+0.08i .
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